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Abstract. We consider a pencil of non-self-adjoint matrix Sturm-Liouville operators on 
the half line and study the inverse problem of constructing this pencil by its Weyl matrix. A 
uniqueness theorem is proved, and a constructive algorithm for the solution is obtained. 
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; 1. Introduction 

In this paper, we consider the pencil L = L{ip, Up) given by the differential expression 

ipiY) := Y" + {pH + 2tpQ^{x) + Qo{x))Y, x > 0, (1) 

with the initial condition 

. Up{Y) := y'(0) + (zp/ii + /lo)y(o) = 0. (2) 

^ ■ Here Y{x) = [yk{x)\f^^Ym. is a column vector, p is the spectral parameter, I is the m x m unit 
■ matrix, Qs{x) = [Qsjk{x)]j^j^^i^ are m x m matrix-functions, hs = [hsjk]j^k=l~rn^ where hgjk 
are complex numbers. 

We assume that det(/ ± /ii) 7^ 0. This condition excludes problems of Regge type (see [1]) 
from consideration, as they require a separate investigation. 

Differential equations with nonlinear dependence on the spectral parameter, or with so-called 



> 



X 



■ "energy-dependent" coefficients, frequently appear in mathematics and applications (see [2H6] 
and references therein). The pencil L is a natural generalization of the scalar pencil (m = 1) of 
C\| Sturm-Liouville operators. Inverse spectral problems consist in recovering operators from their 
y—i _ spectral characteristics. In the scalar case, inverse problems for quadratic pencils were studied 
O ■ in the works [7HS] (half-line), [IUHI2] (full hue) and [IMI] (finite interval). 

• The goal of this paper is to present a solution of the inverse problem for the matrix differ- 

^ . ential pencil L. Note that we consider the pencil in the most general non-self-adjoint case. We 
apply and extend the ideas, developed for the matrix Sturm-Liouville equation (see [IHHSl]), 
to the problem with nonlinear dependence of the spectral parameter. 

Now we provide some notations and definitions necessary for formulating the inverse prob- 
lem. We use the notation A(X; C"^^™) for a class of the matrix functions F{x) = [fjk{x)]i.^Y^ 
with entries fjk{x) belonging to the class A{T) of scalar functions. The symbol I stands for an 
interval or a segment. We say that the pencil L belongs to the class V, if the entries of Qi{x) 
are absolutely continuous on [0, T] for each T > and Qo{x), Qi{x), Q'i(x) G L{{0, 00); C™^'"). 
Below we always consider pencils from V. 

Denote II-i- = {p: ± Imp > 0}. Let $(x, p) = [$^^(3^, p)]j,fc=T:^ be the matrix solution of 
equation ip(Y) = satisfying the conditions f/p($) = /, $(x,p) = 0{exp{±ipx)) as x 00 for 
p e n±. We call $(a;,p) the Weyl solution for the pencil L. Put M(p) := $(0,p). The matrix 
M(p) = [-/Wjfc(p)]j- ;,^Y^ is called the Weyl matrix for L. The notion of the Weyl matrix is a 
generalization of the notion of the Weyl function (m-function) for the scalar case (see [251I2B] ) 
and the notion of the Weyl matrix for the matrix Sturm-Liouville operator (see j2U]). 
We study the following 

Inverse Problem 1. Given a Weyl matrix M{p), find the coefficients of the pencil L. 
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We prove a uniqueness theorem for Inverse Problem 1 and provide a constructive procedure 
for recovering the pencil L by its Weyl matrix. In our research, we generalize the method of 
spectral mappings The main idea of this method is the transformation of a nonlinear 

inverse spectral problem to a linear equation in a proper Banach space. The important role 
is played by the contour integration in the complex plane of the spectral parameter and by 
the residue theorem. In contrast to the case of the matrix Sturm- Liouville operator [20], the 
main equation for the pencil is not always uniquely solvable. Roughly speaking, its solvability 
depends on the coefficient Qi which is not known a priori. Therefore we build the solution 
"step by step" in the intervals where we can solve the main equation (see Algorithm 2), and 
prove that the number of steps is finite. 

The paper is organized as follows. In Section 2, we obtain some preliminary results, and 
in Section 3, we prove the uniqueness theorem for Inverse Problem 1. In Section 4, the main 
equation is derived and conditions of its unique solvability are studied. In Section 5, we give a 
constructive procedure of recovering the pencil L by the Weyl matrix. The paper also contains 
Appendix, where we provide a detailed construction of Jost- and Birkhoff-type solutions for 
the equation (!-p{Y) = 0. 

2. Preliminaries 

In this section, we construct a special fundamental system of solutions for the equation 
ip{Y) = 0. Then we investigate properties of the Weyl matrix and obtain some other prelimi- 
nary results. 

Theorem 1. For each a > 0, there exists pa > such that for \p\ > Pa, x > the equation 
ip{Y) = has a fundamental system of solutions E±{x,p) satisfying the following conditions: 
(ii) the matrix functions E^\x,p), u = 0,1, are continuous for \p\ > pa, x > in each 
half-plane Il±; 

(^2) for each fixed x > the matrix functions E^\x,p), u = 0,1 are analytic for \p\ > pa 
in each half-plane 11±; 

(is) as \p\ — )■ 00, p e II-i-, uniformly with respect to x > a we have 



where the matrix functions P±{x) andT±{x) are the solutions of the Cauchy problems 




E'^{x, p) = ± exp{±ipx) {{ipl — Qi{x))P^{x) ± iT^{x) + o(l)) , 



P4(x) = ±gi(x)p±(x), p±(o) = /. 



(3) 



T4(x) = ±Qi(x)T±(x) + -(Q;(x) ± Ql{x) ± Qo(a;))P±(x), lim T±(x) = 0; 



(4) 



(24) as X — )■ 00, for each fixed p G Il±, \p\ > Pa, we have 

E^^\x,p) = {±ip)'' exp{±ipx){P^{x) + o{l)). 



Note that Pa — ?■ as a —t- 00. 



Remark. In the scalar case (m 



1), we have 
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In general, the proof of Theorem [T] is based on the ideas from [25] [Section 2.1]. However, 
it contains many technical difficulties. For convenience of the reader, we provide the proof in 
Appendix. 

Now we study some important properties of the coefficient matrices P±{x). Analogously 
to P±{x), we introduce the matrix functions P^{x) as the solutions of the following Cauchy 
problems 

P*'±(x) = ±Pi(x)Qi(x), Pi(0) = /. (5) 
Below we mean by ||.|| the following matrix norm: \\A\\ = max^^Y^^^-^ |aij|, A = 

['^jk\j,k=l,m- 

Lemma 1. The following relations hold 

P+(x)P*(x) = Pl{x)P+{x) = I, P_(x)P;(x) = Pl{x)P4x) = /, (6) 

\\P±{x)l \\Pz\x)\\<expQ^^ \\Q,{t)\\d?j <K<oo, (7) 

for all X > 0. Here K is some constant depending on Qi. 
Proof. Using ([3]) and ([5]), we get 

(P_!(x)P+(x))' = Pl'{x)P+{x) + P_!(x)P;(x) = -Pl{x)Qi{x)P+{x) + Pl{x)Qi{x)P+{x) = 0. 

Hence P*(x)P+(x) does not depend on x, so P*(a;)P+(x) = P*(0)P+(0) = /. The other 
relations of ([6]) can be proved similarly. 

The estimates ([7]) can be easily obtained from ([3]) and (|5]) by Gronwall's lemma. □ 

Let S{x,p) = [Sjk{x, p)]j^j^^i-^ and (p{x,p) = [(pjk{x, p)]j^j^^Ym be the matrix solutions of 
equation ip{Y) = under the initial conditions 

S{0, p) = Up{^) = 0, S'{0, p) = <^(0, p) = L 

One can easily show that 

$(x,p) =E±(x,p)(f/p(E±))-\ pGH±, (8) 

<l>{x,p) = S{x,p) + ^{x,p)M{p). (9) 

Lemma 2. ^45 \p\ — )■ oo, p G Il±, the following relations hold uniformly with respect to x > 0: 

¥,(^)(x,p) = M:exp(zpx)(P_(x)(J-/.i) + 0(p-^)) + 

+ ^^exp(-«px)(P+(x)(/ + /ii) + 0(p-^)), z/ = 0,l, (10) 

<^'^''\x,p) = {±tpr-\P^{x){I ± h^r' + 0{p-')), 
Proof. Expand the solution ip{x,p) by the fundamental system from Theorem [TJ 

^('^)(x,p) = E^:\x,p)CM + E^^\x,p)C4p), u = 0,1. 

Find the asymptotics for the coefficients C±{p), using the initial conditions for ip{x,p) and (^3) 
of Theorem [TJ C±(p) = |(/ =F ^1) + 0(p~^), |p| — )■ 00. Then we immediately obtain (fTOj) . 

In order to derive the asymptotic representation for p), substitute (i^) of Theorem [1] 
into (ED. □ 
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Lemma 3. The matrix function M{p) is analytic in each half-plane Il± outside a countable 
bounded set of poles A'_j_, and it is continuous in Il± outside a bounded set A±. As \p\ — ?■ oo the 
following relation holds 

M{p) = {ip)-\h^ ± I)-^ + {ip)-\l ± h,)-\TQm - ho)iI ± h^)'' + K{p) = o(l), 

p^ 

Moreover, k e L2((0, +00); C™^™), if Qi"^ e L2((0, 00); C"^™), s = 0, 1. 

Proof. Let us prove the lemma for 11+. The case of n_ can be considered analogously. By 
Theorem [H the matrix function M{p) = E^{0, p){U{E^))~^ is analytic in 11+ except in the 
zeros of det U{E^). By virtue of Theorem [T] this determinant is analytic in 11+ and 

det U{E+) = iip)'^ det(/ + h{) + ©(p^^^), \p\ 00. 

Note that we assume det(J + hi) 7^ 0. Consequently, detf/(£'+) has a countable bounded 
number of zeros A'_^. Moreover, M{p) is continuous in 11+ outside the bounded set of zeros A+ 
of det U{E+). 

Using (^3) of Theorem [H, we derive the asymptotic formula for M{p): 



M{p) = (/ + p-^T_(o) + o(p-i)) [ip{i + /ii) - gi(o) + i{i + /ii)r_(o) + /lo + 0(1) 

= (2p)-i(/ + p-iT_(0)+o(p-i))[/-(/ + /ii)-'(^(gi(0)-/io) + (/ + /^i)T40)) + o(l)](/ + /ii)^' 

= {ip)-\l + + {ip)-\l + hi)-\Qi{{}) - ho)iI + h^y + o(p-2). 

In order to prove that ^(p) G L2 while Q*-*-* G L2, s = 0, 1, note that under these conditions the 
integrals J2{x, p) and J2{cb, x, p) from Steps 2 and 3 of the proof of Theorem [1] in Appendix are 
from L2, and exactly these integrals determine the behavior of n{p). □ 

Along with L, we consider the pencil L* = (£*, U*), where 



(11) 



£;{Z) := Z" + Z{p^I + 2tpQi{x) + Qo{x)), 
U;{Z) := Z'{0) + Z{0){zphi + ho), 

Denote 

{Z, Y) = Z'{x)Y[x) - Z{x)Y\x), 
where Z = [zkl^^YWi ^ vector (T is the sign for the transposition). Then 

(Z,F)|.=o = U;iZ)YiO) - Zm.iY). (12) 

If Y{x,p) and Z{x,p) satisfy the equations ip{Y{x,p)) = and i*{Z{x,p)) = respectively, 
then 

^(Z(x,p),y(x,p)) = 0. (13) 

Let (p*{x, p), S*{x, p) and $*(x, p) be the matrices, satisfying the equation tp{Z) = and the 
conditions </?*(0,p) = S*'{0,p) = [/;($*) = /, U;{ip*) = S*{0,p) = 0, $*(x,p) = 0(exp(±ipx)), 
X — )■ 00, p G n±. Put M*{p) := $*(0,p). Let E^{x) be the matrix solutions of the equation 
i*p{Z) = built analogously to E±{x) in 11+ (see Theorem [1]). 

Then 

^*{x,p) = iu;iE*^))-'E*^ix,p), pGn+, (14) 

$* (x, p) = (x, p) + M* {p)ip* (x, p) . (15) 
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According to ([I3]), p), p)) does not depend on x. Using P), (^2^, ([H]) and the 

asymptotics (^4) of Theorem [1], we get 

($*(x,p),<l>(x,p))|.=o = M(p) - M*(p), 

0. 



Therefore, 
Similarly, 

Using (fT2|) . one can easily show that 



($*(x,p),$(a;,p))|^=oo 
M(p) = M*(p). 



Hence, 



$*'(x,p) -<l>*(x, p) 
-(/?*'(x,p) </?*(x,p) 



ip{x,p) $(x,p) 
(/?'(x,p) $'(x,p) 



=0 — 


0. 




"JO" 




/ 



(16) 
(17) 



ip{x,p) $(x,p) 
/(x,p) $'(x,p) 



$*'(x, p) -<l>*(x, p) 
-f*'{x,p) <f*{x,p) 



(18) 



3. Uniqueness theorem 



In this section, we show that the Weyl matrix M(p) determines the pencil L uniquely. 

Along with L we consider a pencil L of the same form but with other coefficients Qs{x), hs- 
We agree that if a symbol 7 denotes an object related to L then 7 denotes the corresponding 
object related to L. 

Consider the block-matrix V{x,p) = [Vjkix, p)]j^k=i,2 defined by 



P(x,p) 



(p{x,p) ^{x,p) 
ip'ix,p) ^'ix,p) 



V9(x,p) $(x,p) 

if'{x,p) $'(x,p) 



(19) 



Taking (fT8l) into account, we calculate 



(x, p) = <^(^-i) (x, p)<l*' (x, p) - $(^-1) (x, p)<^*' (x, p) , 
P,2(x,p) = <l>(^-i)(x,p)(^*(x,p) -^(^■-i)(a:,p)<l*(x,p). 



(20) 



Lemma 4. Assume hg = hg, s = 0, 1. Then for each fixed x > 0, the entries of the block-matrix 
V have the following asymptotics as \p\ — )■ 00; 

Pn(x,p) = r](x) +0(p-i), Pi2(a;,p) = p-iA(x) + 0(p-2), 
P2i(x,p) = -pA(x) + 0(1), V22{x,p) = n{x)+0{p~^), 



where 



n{x) := - ( P_(x)P;(x) + P+{x)P*_{x) ] , 



A(x) := - (P^{x)Pl{x) - P4x)Pl{x) I . 



(21) 
(22) 



Proof. We prove the asymptotics for Vu{x,p) and Vi2{x,p) in n+. The other relations can be 
obtained similarly. In our calculations, we will use the notation [/] = / + 0(p^^), |p| — )■ 00. 
Substitute the asymptotics (^3) of Lemma [2] and the following analogous formulas 

^*(-\x,p) =^-^exp{zpx){I-h)P*_{x)[I] + tlEyiexp{-tpx){I + h,)P;{x)[I], 



I>*('^)(a;,p) = {±ipr-\l ± h,)-'P*^{x)[Il z/ = 0, 1, 

into ([20]): 

Pii(x,p) = {2-^exp(2px)P_(x)(/-/ii)[J] +2-^exp(-ipx)P+(a;)(/ + /ii)[J]} 
• exp(ipx)(/ + /ii)-ip_!(x)[/] - (ip)-^ P^{x){I + /ii)-i[/]{2-iipexp(ipx)(/ - hi)P*_{x)[I] 

- 2-Hpexp{-ipx){I + h)Pl{x)[I]} 
= 2-^ exp{2ipx)P4x){I - hi){I + h)-^ Pl{x)[I] + 2-^P+{x){I + hi){I + h)-^ Pl{x)[I] 
- 2-1 exp(2ipa;)P_(a;)(/ + hi)-\l - hi)Pl{x)[I] + 2-^P_{x){I + hi)-\l + /ii)P;(x)[/], 

Pi2(x,p) = (ip)-i exp(zpx)P_(x)(/ + hi)-\l]{2-^ exp{ipx){I + /ii)P_![/] 
+ 2"iexp(-ipx)(/ + /ii)P;(x)[/]} - {2-iexp(ipa;)P_(x)(/- 
+ 2-1 exp(-ipx)P+(x)(/ + hi)[I]){ip)-^ exp{ipx){I + h)-^ Pl{x)[I]} 
= (2?p)-iexp(2zpx)P_(x)(/ + /ii)-i(/-/ii)P:(x)[/] + (2zp)-ip_(x)(/ + /ii)-i(/ + /ii)P;(x)[/] 
- (2zp)-ip_(x)(/ - + h)-'Plix)[I] - (2zp)-ip+(a;)(/ + + /ii)-'P:(x)[/], 

for each fixed x > 0, |p| — ?■ oo. 
If /ii = /ii, we have 

{I-hi)iI + h)-' = iI + h)-\l-h). 

The exponent exp(2zpa;) is bounded for p G 11+. Consequently, we arrive at the required 
asymptotic representations. □ 

Now let us formulate and prove the uniqueness theorem. 

Theorem 2. //M(p) = M(p), then L = L. Hence the Weyl matrix determines the coefficients 
of the pencil ([T]), uniquely. 

Proof. Substituting (ED and ([15]) into ([20]), we get 

Vii = ifS*' - Sip*' + ip{M* - M)if*, 

Vu = S<p* - ipS* + ip{M - M*)ip\ 

Since M(p) = M(p) = M*{p), for each fixed x > 0, the matrix functions 'Pii(x, p) and V^ix, p) 
are entire in p-plane. Hence these matrices are constant for each fixed x > 0. Furthermore, 
the assertion M(p) = M(p) together with Lemma [3] yields hs = hg for s = 0, 1, so we can use 
LemmajH Therefore, we conclude Pii(x,p) = Q{x), Vi2{x,p) = and A(x) = 0. 
Differentiating fl2T]) and using ([3]), ([5]) and fl22l) . we get 

n'{x) = t{A{x)Qi{x) - Qi{x)A{x)) = 0. 

Therefore, Q{x) = Q{0) = I, x > 0. Thus, Pii(x,p) = /, x > 0. By virtue of ffT^ we have 
ip(x,p) = <^(x, p), $(x,p) = $(x, p) and consequently, L = L. □ 

4. Main equation of Inverse Problem 1 

In this section, we assume that the Weyl matrix M(p) of the pencil L is given. We derive 
a linear equation in an appropriate Banach space, called the main equation. This equation 
plays the central role in the constructive solution of Inverse Problem 1. We investigate the 
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solvability of the main equation. In contrast to the case of the Sturm-Liouville operator, the 
main equation for the pencil is solvable only under certain conditions on the choice of a model 
pencil. 

Denote 

D{x, p, 6) = . (23) 

p-0 

Using the relations ipif) = and ieif*) = 0, we derive 

^{^*{x, 9), ^{x, p)) = {p- e)^*{x, 9){{p + 9)1 + 2tQ,ix)Mx, p). 

Moreover, 

(V9*(x, 9), v?(x, p))|^=o = (p - 9)ihi. 

Consequently, 

D{x,p,9)=ihi+ [ ip*{s,9){{p + 9)I + 2tQi{s)Ms,p)ds. 
Jo 

Similarly to the scalar case (see [9] [Lemma 3]), one can obtain the following estimate 

\\D{x,p,9)\\ < C,M±^l±iexp(|Imp|x)exp(|Im^|x), (24) 

IP — f7| + 1 

where Cx is a constant depending on x. 
Put 

M±(p) = lim M{p±iz), p G M\A±. 
^^o,Rez>o 

Let the Weyl matrix M(p) of the pencil L be given. Using Lemma El we can determine hi, 
Hq and Qi(0). We choose a model pencil L such that for sufficiently large p* > we have 

I II M± (p)-M±(p) II Vc/p<oo. (25) 

J\p\>p* 

According to Lemma [3l such a model pencil can be easily chosen in the case Q'f'^ e 
L2((0, +oo), C^x™), s = 0, 1. It follows from ([25]), that 



K = hs, s = 0, 1, (26) 



and gi(0) = Qi(0). 
Denote 



M{p) := M{p) - M{p), r{x,p,9) := M{9)D{x,p,9), r{x, p,9) := M{9)D{x, p,9). (27) 

Let 7o be a bounded closed contour in the p-plane, oriented counterclockwise and enclosing 
the sets A±, A± and {0}, and let 7± be a two-sided cut along the ray {p: ± p > 0, p ^ int 70}. 
Denote 7 = 7_ U 70 U 7+ and = {p: p ^ 7 U int 70}. 

Lemma 5. The following relations hold: 

n{x)^{x, p) = ^{x, P) + ^^ I Vi^, Oy{x, p, 9) d9, (28) 
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r(x, p, 9) - f{x, p,9) + ^J r{x, 9)r{x, p, d^ = M{9)v*{x, 9)A{xMx, p). (29) 



7 
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Proof. 1. Consider the contour 'jn := 7 fl {p: \p\ < R} oriented counterclockwise and the 
contour 7^ := 7/j oriented clockwise. By Cauchy's integral formula, 



'Pik{x,p) - Q{x)6ik = — 



Vikix,9) - ^l{x)Sik 

p-e 



d6, k = 1,2, x>0, p e int 7^, 



where Sjk is the Kroneker delta. Using (126|) and Lemma HI we obtain 

Vik{x,9) - Vt{x)5ik 



lim 



e\=R 



p-e 



de = 0. 



Consequently, 

Vik{x,p) = Q{x)6ik 



1 fVuix 



27(1 



p-e 



de, k = 1,2, x>0, p e J-y. 



(30) 



Here and below the integral is understood in sense of a principal value: := lim/{_j.oo J^^- 
According to (IT^ . 

ip{x,p) = Vii{x, p)(p{x, p) +Vi2{x,p)(p\x, p). (31) 
Substituting flSU]) into (EI]) and using fl2Ul) . we obtain 

1 



^{x, p) = Q{x)'f{x, p) + — / [{fix, e)<5* [x, e) - ^x, e)^* {x, e))^{x, p)+ 



In view of (|9]), ([TS]) and ([23]), this yields 



+ mx, ew{x, e) - f{x, e)^*{x, e))^'{x, p)] 



de 

J^e- 



f{x,p) = n{x)(p{x,p)- — J ipix,e)M{e)D{x,p,e)de, 

since the terms with S{x, e) and S*{x, e) vanish by Cauchy's theorem. Taking (12 7p into account, 
we arrive at fl25]) . The relation fl25]) holds for all x > and p G C, since both left and right 
hand sides are entire functions of p. 
2. Since 



1 



1 



1 



1 



p-eyp-^ e-^j (p-0(e- 

analogously to fl30|) . for a; > and p,e G J-y, we derive 



'P2i{x,p) - ^21(3^, 

p-e 
Vjk{x,p) - Vjk{x,e) 



-A(x) + 



^2i(a;,0 



2mJ^{p-0{^ 

Vjk{,x,C) 



For an arbitrary vector function Y = Y{x), in view of (llSp and (I19p . we have 



r 



Y 
Y' 



f' 



{(p\Y). 



Therefore 
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vix,p) -v{x,e) 



' Y{x) 




' 


Y'{x) 




-A(x)F(x 



+ 



27ri 



(l>*(x,0,^(a;))- 



[V9* {x,e), -v?*(a;,i 



P(x,p)-P(x,g) 



(p{x,p) 
(^'(x,p) 



6')A(x)v2(x,p) + 



2m J ^ (p-0(e- 

Using (|T9|) . we obtain 

[^*'{x,9),-^*{x,9)]V{x,p) 
By virtue of (fTSi) and (fT9|) . we have 

—cb* 1 



(32) 



^(x,p) 
(^'(x,p) 



(V9*(x,6'),v?(x,p)). 



(33) 



_<|)* 



Hence 



[^*\x,e),-^*ix,e)]v{x,d) 



^{x,p) 
(^'(x,p) 



(V9*(x,6l),(y9(x,p)). 



(34) 



Combining fl32|) . fl33|) and fl34l) and using fl23l) . we obtain 



1 



D{x, p, ^) - D{x, p, 0) = ip*ix, e)AixMx, p) + ^ y (^(a;, e)M*iODix, p, 0- 



D(x,e,^)M(0^(x,p,e))cie 



Using f l7r|) . we arrive at ( 129]) . 
Denote 



□ 



r](a;) := - ( P+(a:)P_!(x) + P_(x)P;(a;; 



A(x) := — (^P_(x)P;(x) - P+{x)Pl{x) 
(compare with (1211) . (122]) ). Symmetrically with the relations of Lemma we have 



n{x)(p{x,p) = (p{x,p) - — I (p{x,e)r{x,p,e)de, 



(35) 



r{x,p,6) - r{x,p,6) + 



27ri 



f (x, e, ^)r(x, p, = -M(^)^*(x, e)AixMx, p). (36) 



Consider the Banach space C(7;C'") of row-vectors Y{p) = [yfc(p)]^^Y^ with components 
continuous on 7 with the norm 

||r(p)|| = max max |i/fc(p)|. 

pe7 fc=l,m 
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For each fixed x > 0, we define the hnear operators A and A in C(7; C^): 

Yip) A = Y{p) - ^ / Y{9)r{x, p, 9) d9, p G 7, 
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Y{p)A = Y{p) + / Y{9)f{x, p, 9) d9, p G 7, 



7 



Since by definition these operators belong to the ring for which the elements of C(7; C™) form 
a right module, we write operators to the right of operands. 

Using f l2^ . (^^, 025]) and ( HT^ . one can easily obtain the following estimates 

/ ||r(x,p,^)|||rf^| < C^, pe-f, 

J y 

\r{x,pi,9) - r{x,p2,9)\\\d9\ < C^\pi - ps], pi, p2 G 7, 

and similar estimates for r{x, p, 9). Consequently, for each fixed x > 0, the operators A and A 
are bounded and compact in C(7; C™). 

Lemma 6. For each fixed x > 0, the following relations hold. 

ip{x, p)A = Q{x){p{x, p), ip{x, p)A = Q{x){p{x, p), (37) 

Y{p)AA = y(p) + / Y{9)M{9)>^*{x, 9) d9 ■ K{x)^{x, p). (38) 
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Proof. The relations fl37|) follow immediately from f l28|l and f l35|) . Since 



y (p) = Y{p) + ^J^ Y{9) [f{x, p, ^) - r (x, A ^) - ^ ^(^, ^)r(x, p, rf^) f^^, 
the relation fl38l) follows from fl36l). □ 



Remark. For the matrix Sturm-Liouville operator (when (5i(x) = 0), we have VL[x) = I, 
A(x) = 0. Therefore, the operators A and A are inverses of each other. 

Theorem 3. For each fixed x > 0, the subspace of solutions of the homogeneous equation 

Y{p)A = (39) 

in the Banach space C{'~f;C'^) has dimension m— rank Q{x) . In the particular case detQ{x) 7^ 0, 
equation (1391) has only the trivial solution. 



Proof Let Y{p) be a solution of ([39D. Then by (1381) 

Y{p)AA = Y{p)~K{xMx,p)=0, 

where K{x) is a row vector. Using flTTI) . we get 

y(p)i = K{x)ip{x,p)A = K{x)n{x)^{x,p) = 0. 

Let /C(x) be the space of solutions of this equation for each fixed x > 0. It is clear that 
dim/C(x) = m — rankf2(x), and Y{p) is a solution of (15^ if and only if Y{p) = K{x)ip{x, p), 
K{x) G /C(x), this yields the assertion of the lemma. □ 
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We assume that detn(x) 7^ 0. For example, this holds when the matrices Qi{x) and Qi{x) 
are Hermitian (Qi(x) = —Q\{x), where the sign f denotes the conjugate transposition). 
For each fixed x > we consider in C(7, C"*^™") the linear equation 

^{x, p) = z{x, P) + ^-j p, 9) dd (40) 

with respect to z{x,p). Equation fHU]) is called the main equation of Inverse Problem 1. Eq. 
( 13 7p and Theorem E] yield 

Theorem 4. For each fixed x > 0, such that detQ{x) 7^ 0, equation (140|) has a unique solution 
z{x,p) = {n{x))-^ip{x,p). 



5. Constructive solution for Inverse Problem 1 

In this section, using the main equation (140|) and Theorem HI we provide a constructive 
algorithm for the solution of Inverse Problem 1. 

In a similar way to Lemma it can be proved that for p G J^, 

n{xMx,p) = Hx,p) + ^ I ^(x,p)M(0)i^^^^i^l4^^^- 

2vr« p-6 

Therefore, if detf2(x) 7^ and z{x,p) is already known, we can build the matrix function 
w{x,p) := {fl{x))~^^{x, p) by the formula 

w{x, p) = Hx^p)-^J^ 9)M{e)^^^^^^^^^^^ de. (41) 

Analogously, we construct the main equation of the inverse problem for the pencil L* = 
{tp,U;) (see definitions ([II])): 

^*{x,p) = z*{x,p) + ^ [ D*{x,p,9)M{9)z*{x,9)d9. (42) 

Here we have used the relation M*{p) = M{p), following from f ITB]) . Denote 

n*(x) := ^ (^P+(x)P_!(x) + P_(x)P|(x)) = n{x). 

Suppose deti7*(a;) 7^ for all x > 0. Then eq. (H2l) has the unique solution z*{x,p) = 
ip*{x, p){Q*{x))~^, and we also construct 

^*(a;,p) = <!^*ix,p)in*{x))-' = ^*{x,p) [ ii!i^l^ll^i^M(^)z*(a;, ^) d^. (43) 

2m J p-9 



Using (lT8i) . we get 

= - <^ip* = n{zw* - wz*)n*. 

I = - = Q{zw* - wz*)Q*' + Q{zw*' - wz*')Q*. 

Therefore, 

zw — wz = U, 
{zw*' - wz*')-^ = Q*Q. (44) 
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It follows from f|T7|) that 

{z*n*,nz) = 0. 

Consequently, 

z*{n*'n - n*n')z = z*n*nz' - z*'n*nz. (45) 

If the functions z, z*, w and w* are known, one can find Q*Q from (144|) . Then the right- 
hand side of ( H5|) is known, and we can calculate — Q*Q'. Differentiating Q*Q, we find 
Q*'Q + Q*Q'. Then we can find and calculate 

a(a;) := Q-^Q' = {Q*Q)-^Q*Q'. 

Solving the Cauchy problem 

n'{x) = a{x)n{x), = /, 

we get fl{x) and then can find ip{x,p). 

In the particular case when Qi{x) and Qi{x) are skew-Hermitian, we see from ([3]) and (|5]) 
that P* = p1_ and P* = P|. Hence fi* = fit, and we can find Vt matrix square root from 
VL*VL. 

We arrive at the following algorithm for the solution of Inverse Problem 1. 
Algorithm 1. Let the Weyl function of the pencil L be given. 

1. Find s = 0, 1, and (5i(0) from the asymptotics in Lemma [31 

2. Choose the model pencil L satisfying fl2^ . 

3. Construct the matrix functions (p{x, p), p), M{p), r{x, p, 9) and the similar functions 
for L*. 

4. Find z{x,p) and z*{x,p), solving the main equations fHOjl and f H2|) . 

5. Construct w{x,p) and w*{x,p) via (jUJ) and then get fi*(x)fi(x) via fHIl) . 

6. Find fi(x) and ip{x,p) = Q{x)z{x, p). 

7. Substituting ip{x,p) into ([T]), obtain (5s(x), x > 0. 

Note that Algorithm 1 works only for the case det Q{x) ^ and det Q*{x) ^ for all x > 0. 
Further we provide a modification of this algorithm for the general case. We will write that Qi 
belongs to the class Q{S), 5 > 0, if the following conditions hold 

1. Q^(x) = Qi{x), X G [0,6]; 

2. < ||gi(5)|UG (5,oo); 

3. /ri|Qi(a:)||rfa:<||gi(5)||. 

Algorithm 2. Let the Weyl function of the pencil L be given. 

1. Find hs, s = 0, 1, and Qi{0) from the asymptotics in Lemma [31 

2. Put k := 1, So := 0. 

3. We assume that for x G [0, 6k-i] the potential Qi{x) is already known. Choose the model 
pencil L satisfying (!25|) and with Qi belonging to Q{Sk-i). 
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4. Step 3 of Algorithm 1. 

5. Choose the largest 5^, 5^-1 < ^ oo, such that the main equations (HUj) and have 
unique solutions for x G find these solutions. 

6. Implement steps 5-7 of Algorithm 1 for x G {6k-i,Sk)- 

7. If = oo, then terminate the algorithm, otherwise put k := k + 1 and go to step 3. 

Theorem 5. Algorithm 2 terminates after a finite number of steps. 

Proof. 1. Consider the pencil L such that Qi G Q{S), 6 > 0. 

We have P±{x) = P±{x) and P^{x) = P^{x) for x G [0, 6]. For x > 6, the following integral 
representations are valid 

P±{x) = P±{6)± [ Qi{t)P±{t)dt, 



Pl{x) = Pl{6) ± Pim,{t) dt. 
Since P^{5) = P^{S) = {P^{5)y\ using (^B), we obtain 



n{x) = 1 + Bs{x) = 1+ ^{B+{x) + B4x)), 



:=± r Qi{t)P±{t)dtP;{6)TP±{S) r P*^{t)Q^{t)dt 
Js Js 



- / Qiit)p^{t)dt- / p;{t)Q,{t)dt. 

Js Js 

Let us denote by K{L) different constants that depend on the pencil L (namely, on the 
unknown potential Qi) and do not depend on 5 > and on the choice of Qi G Q{S). Then we 
have 



Jo 



\\Qi{x)\\ dx < K{L), max ||Qi(x)|| < K{L). 



x>0 



For every 6 > and Qi G Qs, 

\\Qi{x)\\dx < K{L), max||gi(a;)|| < K{L). 



x>0 



By virtue of Lemma [H 

\\P^{x)l\\P^{x)\\<K{L). 
Therefore, one can easily obtain two estimates 



\Bs{x)\\<K{L) 



\\Qm\+ / \mt)\\dt+\\Qm\ / \mmdt 



(46) 



\\Bs{x)\\ <K{L){x-5). (47) 

2. Let us construct a partition = xq < xi < X2 < • • ■ < Xs-i < Xg = oo such that for 
each k from 1 to s, if we put S = Xk-i in step 1 of the proof and construct Qi{x), we get 
||-B4(x)|| < 1/2, X G (xfc_i,Xfc). Hence detf2(x) 7^ for x G (xfc_i,Xfc). For VL*{x) the proof is 
similar. Hence the main equations fl40p and (1421) are uniquely solvable in this interval. 
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First, it follows from f l46|) . that 

lim max 1155(2;) II = 0. 

5— ^00 x>5 

Therefore we can choose x^, such that for every x in {x^,, 00) we have ||i?a;, (x)|| < 1/2. 

Further, we divide the segment [0, x*] into sufficiently small segments [xk-i,Xk], k = 1, s — 1, 
such that ||-Bj:^_^(x)|| < 1/2 for x G {xk-i,Xk) by virtue of (H7I) . 

3. The partition {xk}, constructed at the previous step, is independent of the particular 
choice of Qi, but it depends on the pencil L which is not known a priori. Therefore the partition 
{xk} is unknown, and we can not directly use it in Algorithm 2. However, we can establish 
connection between {xk} and {6k}. It is easy to show by induction, that 6k > Xk for all k = l,s. 
Consequently, the number of steps in Algortihm 2 is finite. 

□ 

Appendix 

Here we provide the proof of Theorem [TJ By Step 1, we reduce the differential equation 
ip{Y) = to an integral one. Then we confine ourselves to the case p G H+. We construct the 
Jost-type solution E^{x,p) by Step 2 and the Birkhoff-type solution E_{x,p) by Step 3. Some 
parts of Step 3 are analoguous to Step 2, so they are described in short. By Step 4, we prove 
that the constructed system of solutions {E+{x, p), E^{x, p)} is linearly independed for each 
fixed p 7^ 0. The case p G H_ can be considered in a similar way. In this case, E_{x,p) is the 
Jost-type solution and E+{x,p) is Birkhoff-type. 

Proof of TheoremUi Step 1. Consider the matrix functions E^{x.,p) := exp(±ipx)P:p(x), 
where P±{x) are defined by ([3]). It is easy to check, that E^{x) form a fundamental system of 
solutions for the differential equation 

Y" + Q\{x){ipl - Qi{x))-^Y' + (p2/ + 2ipQ^{x) - Ql{x))Y = 0. 

Rewrite equation ip{Y) = in the form 

Y" + Q\{x){ipl - Qi{x))-^Y' + (p2/ + 2ipQr{x) - Ql{x))Y = F{x,p, Y), (48) 
F{x,p,Y) := Q\{x){ipl - Qi{x))-^Y' - {Q\{x) + Qo{x))Y. (49) 

Apply the method of variation of parameters to this equation. Every solution of (148|) can be 
represented in the form 

r (x, p) = El{x, p)A{x, p) + E° (x, p)B{x, p), 
where coefficient matrices A{x,p) and B{x,p) satisfy the system 



F(x,p,F) _ • 
Using Lemma [H we find the inverse matrix 

exp(— zpx)P^(x) exp{—ipx)P^{x){ipI — Qi{x))^^ 
exp(zpx)P* (x) — exp(ipx)P* (x)(ip/ — (5i(x))~^ 

Consequently, 

A'(x,p) = ^exp(-zpx)P;(x)(zp/-Qi(x))'iF(x,p,F), 



El{x,p) E^4x,p) 
El'{x,p) EO'(x,p) 



A'{x,p) 
B'{x,p) 



Elix,p) E^(x,p) 
<(x,p) E^ix^p) 
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B\x,p) = -iexp(2pa;)P:(x)(2p/-gi(a;))-iF(x,p,r), 

1 r 

Y{x,p) = exp{ipx)P^{x)A{a,p)+exp{—ipx)P-^{x)B{a,p) + - / |exp(ip(x — t))P_(x)P^(t) 

J a 

- exp(ip(t - x))P;(x)P_!(t)}(ip/ - Qi{t))-^F{t,p, Y) dt. (50) 
Step 2. Let E^{x,p) be the solution of the equation 

1 /"^ 

E+{x,p) = exp{ipx)P-{x) — - / (exp(ip(a:; — t))P_(x)P_^(t) 

- exp(ip(t - x))Pl{x)P*_{t)){ipI - Qi{t))-^F{t,p, E+) dt. (51) 

Since this is a particular case of fl50|) . the function E^{x,p) satisfy ip{E+) = 0. We transform 
flSTl) by means of the replacement E^{x,p) = exp{ipx)Z{x, p) to the equation 



1 /"°° 

Z{x, p) = P_{x)--j [P-{x)Pl{t) - exp(2^p(t - x))P+{x)Pl{t)\ [ipl - Q,{t))-' 

[Q[mpI-Qiit)r\Z\t,p)+tpZ{t,p)) - {Ql{t) + Qo{t))Z{t,p)] dt. (52) 
The method of successive approximations gives 

Zo{x,p) = P_(x), Z'oix) = -gi(x)P_(x), (53) 

poo POO 

Zk+i{x,p)= Fi{x,t,p)Zk{t,p)dt+ F2{x,t,p)Z'^{t,p)dt, 

J X J X 

POO POO 

^fc+i(a;,p)=/ F-i{x,t,p)Zk{t,p)dt+ I F^{x,t, p)Z'^{t, p) dt, 

J X J X 

oo 

Z{x,p) = ^Zk{x,p), (54) 

fc=0 

where 

Pi(x, t, p) = [P-(a:)P;(t) - exp(2zp(t - x))P+(a;)P:(t)] (zpJ - Q,{t)r^ 

■ [Q\mpi - Qiit)r'^p - Q\it) - Qo(t)], 

P2(x, t, p) = [P-(x)P;(t) - exp(22p(t - x))P+{x)Pl{t)\ {ipl - Qr{t))-^Q[mpI - 

P3(x,t,p) = ^[Qi(a;)(P_(a;)P;(t) +exp(2zp(t -a;))P+(a:)P:(t)) - 22pexp(22p(t - x))P+{x)P*_{t)\ 

■{ipl - Qi{t))-' [Q[mtpl - Qiit))-Hp - Ql{t) - Qoit)] , 
F4{x,t,p) = ^[Q,ix)iP4x)Plit)+exp{2ipit-x))P+ix)P*_{t)) - 2tpexp{2ip{t - x))P+{x)Pl{t)] 
■{ipl - Qiit))-\tpl - Q,{t))-^Q\mpI - Qiit))-'. 
Since Qi(t) is bounded, for each p* > there exists > such that 

\\Qiit)\\ < P./2, t>x.. (55) 

Consequently, 

||(zp/-gi(t))-i||<^, \p\>\p*\. 
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We introduce auxiliary functions 

-F(x) := exp (^^ IIQiW^t 
Gix) := 3J-(x)(2||Q;(a:)|| + ||Q?(x)|| + ||go(a:)||), 

POO 

U{x) := / Q{t)J^{t) dt. 

J X 

Note that J-'(x) is continuous and bounded, and by Lemma [T], 

\\p±ix)\\<Tix), \\piit)\\<m- 

Since the pencil L belongs to V, the function Q{x) belongs to L(0, oo) and Ti^x) is continuous 
and bounded. 

Now one can easily show that 

l|Fi(x,t,p)i| < \p\-'Tix)git), \\F2ix,t,p)\\ < \p\-'Tix)git), 
\\F3{x,t,p)\\ < :F{x)G{t), \\F^{x,t,p)\\ < \p\-^:F{x)g{t), 

for \p\ > p^i x> x^,. Let us prove by induction the following estimates 

ll^i'^H^'P)ll<^^^^^p^^^ ^ = ^AAp\>P..x>x^. (56) 
For A: = they are obvious. If they are already proved for some fixed fc, for A: + 1 we have 

noo POO 

||^fc+i(a:,p)|| < / \mx,t,p)\\-\\Zkit)\\dt+ / \\F2ix,t,p)\\-\\Z',{t)\\dt 

J X J X 



|p|'=+i(A; + 1)! ■ 



The proof for Z'i^^-^{x,p) is similar. 

It follows from fl56l) . that the series converges absolutely and uniformly for \p\ > p*, 
X > x^, and the matrix function Z{x,p) is the unique solution for the integral equation flS2]) . 
This function is continuous in x and p and analytic in p for |p| > p*, x > x^. 

For each fixed x^, = a > one can choose pa = p,,, > such that (l55l) is satisfied. Then we 
construct E^{x, p) as the solution of (15T|) for x > a and as the solution of the Cauchy problem 
for the equation ip(Y) = 0, x < a, with initial conditions generated by E+{a, p). Consequently, 
E+{x,p) satisfies (ii) and (i2)- 

Moreover, using dSSD, (IMj) and (ISBj) . we conclude 

||Z(x,p) -P_(x)|| < (2^(x)7/(x)/|p|)exp(2?^(a;)/|p|), 

||Z'(x,p) +Qi(a;)P_(x)|| < (2^(a;)H(a;)) exp(2H(x)/|p|). 

The functions J-'(x) and 'H(x) are bounded and tend to zero as x — oo. Therefore for each 
fixed p, IpI > p*, 

Z{x,p) = P-{x) + o{l), Z'{x,p) = -Qi{x)P^{x) + o{l), X oo, 
that yields (^4), and for each fixed x > 

z(x,p) = p_(x) + o(|p|-^), z'(x,p) = o(i), IpI ^00. 
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Substituting these asymptotics into fl52|) . we get 

Z{x,p) = P4x) - ^Jiix) + -^J2(x,p) + 0(|p|-2), 
2zp lip 

where 

/•oo 

j,{x) := p^{x) / p;(t)(g;(t) - g?(t) - QoW)p- w ^^t, 

J X 

POD 

J2ix, p) := P4x) / exp(2^p(t - x))P:(t)(Q;(t) - Q?(t) - goW)P-(t) ^t- 

J X 

Using (jl]), ([5]) and Lemma [1], we get 

poo poo 

Ji(x) = 2iP_{x) / P;(t)(T:(t)+Qi(t)T_(t)) dt = 2iP^{x) / (P;(t)T:(t)+P;'(t)T_(t)) dt 

J X J X 

= -2iP_{x)Pl{x)T_{x) = ~2iT_{x). 

Since 

Pl{t){Q[{t) - Qlit) - Q,{t)) e L2((0, oo); C™><"^), 
we can apply [25] [Lemma 2. LI] to the entries of J2{x,p) and get 

hm sup II J2(x,p)|| = 0. 
p-foo 2,>o 

Finally, 

Z{x,p) = P-{x) + + o{p-^), x>a, IpI^oo, 

P 

and now (i^) is obvious for E^\x,p). 

Step 3. Let p e n+, a > be fixed and E_{x,p) be the solution of the integral equation 

1 f°° 

E_{x,p) = exp{-ipx)P+{x) + - / exp{ip{t - x))P+{x)Pl{t){ipI - Qi{t)y^F{t, p, E_) dt 

+ \ f exp{tp{x - t))P4x)Pl{t){tpI - Qiit))-'F{t, p, E.) dt. 

It is easy to check that ip{ES) = 0. Substituting E^{x,p) = exp(— ipx)^(x, p), we arrive at the 
equation 

1 POO -1 PX 

e(x,p) = P+(x) + - J P+ix)P*_it)Git,p,Odt + - J expi2ipix-t))P4x)P;it)G{t,p,0dt, 

(57) 

where 

G{t, p, = (tpi - Qlit))-' [Q'limpi - Qiit))-\e{t, p) - ip^t, p)) - (Qlit) + Qomit, p)] . 

The method of successive approximations gives 

^o{x,p) = P+{x), ^o(x,p) = Qi{x)P+{x), 

POO poo 

itlii^.p)= Gt\x,t,p)Ut.P)dt+ G^^\x,t,p)i',{t,p)dt 

J X J X 

px px 

+ Gt\x,t,p)Ut,p)dt+ G^:\x,t,p)i'^{t,p)dt, z/ = 0,l, 

J cx J ct 
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k=0 

Here the functions Gs{x,t,p), s = 1,4, can be written in explicit form, and they are differenti- 
ated with respect to x. Analogously to the Step 2, we obtain the following estimates 

\\G[''\x,t,p)l \\Gi^\x,t,p)\\ < \pr'J^{x)g{t), 

\\Gi''\x,t,p)l \\Gi'\x,t,p)\\ < \pr'Tix)g{t), ^ ^ 

for u = 0,1, X > a, p > p*, where p* is such that flS^ is satisfied [x^, = a). By induction, we 
prove that 

ll,r(..,)ii<HWM. ..0.1. 

Choose Pa > such that pa > 4:'H{a) and Pa > P*- Then for |p| > and x > a the equation 
( ]57|) is uniquely solvable, and now (ii), (i2) for E^{x,p) can be proved similarly to E+{x,p). 
Moreover, 

||e('^)(x,p)|| <2|pr^(x), u = 0,l, (59) 
Uix,p)-PAx)\\<^Hia)/\p\, U'ix,p)-Q,ix)P^ix)\\<AHia). 
Consequently, for each fixed x > a, 

ax,p)=P+{x) + 0{p-'), ^'{x,p) = 0{l), IpI^oo. (60) 

If p G n+ is fixed, there exists a > such that |p| > 4'H(a) and fl^ is satisfied. According to 



POO POO 

e(x,p) = P+(x)+ / G^{x,t,p)i{t,p)dt+ G2{x,t,p)i'{t,p)dt 

J X J X 

+ / G^{x,t,p)i{t,p)dt+ I G^{x,t,p)^\t,p)dt, 



then using fl58|l and fl59l) . we derive 



||e(x, p) - P+{x) II < 4 jT" ^l^M^jr(t) dt + ij^ exp{2tp{x - t))^^^^^J^(t) rft 

Jx \P\ Ja \P\ Jx/2 \P\ 

Finally, 

U{x,p) - P+{x)\\ < 4J^(x)7{(x/2)/|p| +4exp(-|Imp|x)H(a)J^(a:)/|p|. 

As X — )■ oo, the first summand tends to zero since 'H{x/2) tends to zero and J^{x) is bounded. 
The second summand tends to zero since Imp 7^ 0. The analogous estimates can be obtained 
for^'(a;, p). Therefore, 

e(x,p) = P+(a;) + o(l), ^'ix,p)=Qi{x)P+ix) + o{l), x ^ 00, 

so (%) is proved for E^\x,p). 

In order to prove (^4), we substitute flBU]) into 

^{x, p) = P+{x) - ^Ji{x) - J2(a, a;, p) + 0(p"^), 
2«p 2«p 
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Ji(x) := P+(x) / PimQ[{t) + Qlit) + Qo{t))P4t) dt, 

J X 

J2{a,x,p) :=P_(x) f exp{2tp{x-t))P;{t){Q[{t) + Ql{t) + Qo{t))P+{t)dt. 

J a 

It is easy to check that Ji{x) = —2iT^{x) (T+(x) was defined in (jlj)). Applying [25] [Lemma 
2.1.1] to the entries of J2{a,x,p), for each fixed a, we get 

hm sup II J2(a, 2;, p)|| = 0. 

|p|-s>oo x>a 

Consequently, 

e(a;,p) = P+(x) + ^ + o(p-i), IpI^oo. (61) 

Using (1^ and (|^ . we arrive at (i^) for E^^\x,p). 

Step 4. Let us prove that the columns of E^{x,p) and E_{x,p) are linearly independent. 
Fix p 7^ 0, Imp > and suppose this does not hold, i.e. there exist vectors A{p) and -B(p), not 
both equal zero, such that 

E^_!^\x,p)A{p) + E^_^\x,p)B{p) = 0, x>0, u = 0,l. 

Substituting the asymptotics from {i^j, we get 

P+{x) + o{l)]A{p) + exp(2ipx) [P_(x) + o(l)]P(p) = 0, 

-{ipl - Qi{x))P4x) + o{l)]A{x) + exp{2tpx)[{ipl - Qi{x))P4x) + o{l)]B{p) = 0, 

as X —7- 00. Since Qi{x) tends to zero as a; —t- 00 and by Lemma [T] the functions P±{x) are 
bounded, we obtain 

P+{x)A{p) = o{l), P_(x)P(p) = 0(1), x^oo. 

Since the solutions of the Cauchy problems 

= ±Qi(x)F±(x), F±(cx)) = 0, 

are unique: Y±{x) = 0, we conclude that A{p) = B{p) = 0. The contradiction finishes the 
proof of the theorem. □ 
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